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whatsoever or howsoever caused arising directly or indirectly in connection
with or arising out of the use of this material.
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Color Liquid Crystal Display – Problems and
Optimization Procedure

Jerzy Zieliński
Marek Olifierczuk
Institute of Applied Physics, Military University of Technology,
Warsaw, Poland

In this work the mathematical model of a light propagation through the system of
layers with dichroic properties are presented. This model makes it possible to
obtain the spectral characteristics of transmission and reflection for any system
of isotropic, anisotropic and dichroic layers. Additionally, the calculations takes
into account real conditions of a display working. Basing of this model the com-
puter program is done. This program makes it possible to conduct the complete
optimization procedure for very complicated system such as for example color
liquid crystals display.

Keywords: mathematical model of light propagation; numerical calculations; optimiza-
tion process of LCD

1. INTRODUCTION

The aim of our work is presenting new and complete mathematical
model of a light propagation through the system of layers, which can
be layers with isotropic, anisotropic or dichroic properties. This model
takes into account the real properties of the display elements such as
dispersion phenomena of layers refractive index and complex form of
it. Additionally, the interference phenomena occurred into the display,
spectral characteristic of a light source and human eye sensitivity is
taken into account. Except of it, there makes it possible to do the cal-
culations for any observation angle. This model can be used in the
analysis or optimization process of very complicated layers system
such as a color liquid crystal displays. It should be underlined, that
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presented theory is worked out without any simplifications. Such a
theory can be a base for computer program to calculate the real optical
parameters of a display and can be use to provide the complete and
effective optimization procedure.

The calculation done in this work showed that the construction pro-
cess of color liquid crystal display is more complicated than black and
white display, because there are more problems with obtaining proper
visualization quality. In this case there is very important to obtain not
only high contrast ratio and brightness of the display, but also the
color has to be visualized in proper way. In the other words, the opti-
mization process should be done for different wavelengths and the
final results should take into account the color detection properties
of a human eye. Therefore, the choice of an optical matching point of
a liquid crystal layer and optical properties of the used other display
elements should take into account these assumptions. For this reason,
it is necessary to have a calculation’s tool, which can give us the close
information about display optical parameters for any set of the display
elements.

2. NUMERICAL BASE OF THE DISPLAY’S OPTICAL
PARAMETERS CALCULATIONS

The base of our calculation method are Maxwell equations, which
for nonmagnetic and nonabsorbing media (r ¼ 0 and q ¼ 0) can be
written as:

1Þ rot H
!� dD

!
dt
¼ 0

2Þ rot E
!þ dB

!
dt
¼ 0

3Þ div D
!¼ 0

4Þ div B
!¼ 0

and D
!¼ eo e

_
E
!

B
!¼ lolH

! ð1Þ

where e
_

denotes dielectric tensor in principle coordinate system
OGðxG; yG; zGÞ:

e
_ ¼

eor 0 0
0 eor 0
0 0 eex

2
4

3
5 ð2Þ

eor and eex denote here dielectric permittivity for perpendicular and
parallel directions to the optical axis of a layer [1,2].

Solving Maxwell equations (1) and taking into account the wavevec-
tor of a light in coordinate system OG in the form ~kk ¼ ½kxG; kyG; kzG�, one
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can obtain:

x2

c2 n2
o � k2

yG � k2
zG kxGkyG kxGkzG

kxGkyG
x2

c2 n2
o � k2

xG � k2
zG kyGkzG

kxGkzG kyGkzG
x2

c2 n2
e � k2

xG � k2
yG

2
64

3
75 ExG

EyG

EzG

2
4

3
5 ¼ 0

ð3Þ

where no and ne denote the refractive ordinary and extraordinary
index, respectively [2].

The Eq. (3) has nontrivial solution only where the determinant of a
left matrix vanish, so the solution of it makes two equations:

k2
xG þ k2

yG

n2
e

þ k2
zG

n2
o

� x2

c2

 !
¼ 0 and

k2

n2
o

� x2

c2

� �
¼ 0 ð4Þ

where k2 ¼ k2
xG þ k2

yG þ k2
zG.

As one can see from Eq. (4) in given direction ~ss we have simul-
taneously two waves:

. the first one with a wavevector fulfilling relation k2
o ¼ ðx2=c2Þn2

o ,
which module do not depend on a direction of propagation. Therefore,
this wave is called ordinary wave, wavevector ~koko – wavevector of an
ordinary wave and refractive index no – ordinary refractive index.

. the second wave with a wavevector ~keke, which the coordinates fulfill
the left part of Eq. (4) and which module depends on a direction of
propagation. This wave is called extraordinary wave, wavevector
~keke – wavevector of an extraordinary wave and coefficient ne – extra-
ordinary refractive index.

After determination of wavevectors the polarization of its can be fixed.
Using the Eq. (3) for ordinary and extraordinary waves one can show,
that unit vectors of electric field for these wave have the following
forms:

oG
�! ¼ �kyGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
xG þ k2

yG

q ;
kxGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
xG þ k2

yG

q ; 0

2
64

3
75 ð5Þ

eG
�! ¼ kxG

M
x2n2

o

c2 � k2
� � ; kyG

M
x2n2

o

c2 � k2
� � ; kzG

M
x2n2

e

c2 � k2
� �

2
4

3
5 ð6Þ

Color Liquid Crystal Display 389=[791]
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where

M ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

xG þ k2
yG

x2n2
o

c2 � k2
� �2

þ
k2

zG

x2n2
e

c2 � k2
� �2

vuuut :

As one can see the analysis presented above give us the information
about the forms of wavevectors generated in the medium for given
direction of a light propagation and the forms of unit vectors of
E
!

connected with these wavevectors. It should be underlined, that these
information are obtained for principle coordinate system of a layer.

It is easy to show, that an analysis done for an anisotropic layer in
the form presented above can be revised in very similar way for a
dichroic layer. In this case the electric conductivity r 6¼ 0 and can be
assumed as tensor in the following form:

r
_ ¼

ror 0 0
0 ror 0
0 0 rex

2
4

3
5 ð7Þ

where ror and rex denote the values of conductivity for perpendicular
and parallel direction to the optical axis of layer, respectively.

Solving Maxwell equations for this case the following relations for
ordinary and extraordinary wavevectors and unit vectors of E

!
can

be obtained:

. for ordinary wave the wavevector fulfills the relation ðk
^

o

2

=
ðno � ivoÞ2Þ � ðx2=c2Þ ¼ 0 and the unit vector of an electric intensity

E
!

has a form:

o
^

G

�!
¼ �k

^
oyGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���k^oxG

���2 þ ���k^oyG

���2
r ;

k
^

oxGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���k^oxG

���2 þ ���k^oyG

���2
r ; 0

2
664

3
775 ð8Þ

. for extraordinary wave the wavevector fulfills the relation

ððk
^2

exG þ k
^2

eyGÞ=ðne � iveÞ2Þ þ ðk
^2

ezG=ðno � ivoÞ2Þ � ðx2=c2Þ ¼ 0 and the

unit vector of E
!

is equal:

e
^

G

�!
¼ k

^
exG

M x2ðno�ivoÞ2
c2 � k

^2

e

� � ; k
^

eyG

M ðx2no�ivoÞ2
c2 � k

^2

e

� � ;
2
664 k

^
ezG

M x2ðne�iveÞ2
c2 � k

^2

e

� �
3
775
ð9Þ
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where

M ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kexGj j2þ keyG

�� ��2
x2ðno�ivoÞ2

c2 � k
^2

e

����
����2
þ kezGj j2

x2 ne�iveð Þ2
c2 � k

^2

e

����
����2

vuuuut :

As one can see in the equations presented above the refractive indices,
wavevectors and unit vectors of E

!
have the complex representations.

The refractive indices are equal:

n
^

o ¼ no � ivo

n
^

e ¼ ne � ive

ð10Þ

and the wavevectors have a form k ¼ ðx=cÞ n� ivð Þ. It can be shown
that the coefficient v is responsible for absorption [3,4]. The absorption
coefficient can be defined as a ¼ 2 ðx=cÞv.

One can notice, that the units vectors of E
!

for specific directions (per-
pendicular and parallel to the optical axis of a layer) can not be determ-
ined using the equations obtained above, and yet its can be determined
directly from Maxwell equations described for these directions.

The relations presented above for the wavevectors and unit vectors
of E
!

are described in principle coordinate system of a given layer, but
its make it possible to describe similar relations for the coordinate sys-
tem common for all layers of a display. Every layer has an own prin-
ciple coordinate system OGðxG; yG; zGÞ, which is connected with it’s
optical axis. This system has unit vectors ~aa, ~bb and ~cc (~cc – optical axis
direction). We can introduce two other coordinate systems: the first
one connected with laboratory OLðxL; yL; zLÞ, with unit vectors ~xx 0, ~yy 0

and~zz 0 (it is constant system and~zz 0 is perpendicular to a layers surface)
and the second one called surface system (which is connected with
incident wave) denoted as OSðxS; yS; zSÞ with unit vectors ~xx, ~yy and ~zz.
This system is dependent on a direction of a wavevector in external
medium. The unit vector ~zz is according to the unit vector ~zz 0. The
mutual relations between these systems are presented in Figure 1.

The following assumption were established in the construction of
these systems:

. unit vector ~cc is lied according to the optical axis of a layer and is
turned to positive half-space of system OL;

. unit vector ~aa lie in surface xLxG, and unit vector ~bb ¼ ~cc� ~aa;

. angle a is positive for rotation of a system OP in the direction shown
in Figure 1;

. wavevector in external medium is lied in surface xPzP of surface
system.

Color Liquid Crystal Display 391=[793]
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For these systems the following transposition matrixes can be
described:

M OL ! OG
� 	

¼
cos / cos H sin / cos H �sin H

�sin / cos / 0

cos / sin H sin / sin H cos H

2
64

3
75

M OL ! OS
� 	

¼
cos a �sin a 0

sin a cos a 0

0 0 0

2
64

3
75

M OG ! OL
� 	

¼
cos / cos H �sin / cos / sin H

sin / cos H cos / sin / sin H

� sin / 0 cos H

2
64

3
75

M OS ! OL
� 	

¼
cos a sin a 0

�sin a cos a 0

0 0 0

2
64

3
75

ð11Þ

The problem of a light propagation should be solve using surface sys-
tem OS, because it is the system common for all layer and is determined
only by an incident wave. The system OG is connected to the given layer
by it’s optical axis and is constructed in independent way for every
layer.

For the wavevector of an incident light ~kki ¼ b; 0; kiz½ � in any layer we
have two wavevectors: ~kko ¼ b; 0; koz½ � – for ordinary wave, and
~kke ¼ b; 0; kez½ � – for extraordinary one (see Figure 2).

FIGURE 1 The principle, laboratory and surface coordinate systems.
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Certainly, for every layer the relations (in surface system):
kox ¼ kex ¼ b and kex ¼ key ¼ 0 have to be fulfilled. b can be determined
from the initial conditions using an incident angle Hi as:

b ¼ x
c

ni sin Hi ð12Þ

where ni is refractive index of an external medium.
The wavevectors ~kko and ~kke in principle coordinate system of a given

layer have the forms:

~kkoG ¼
b cos a cos / cos Hþ b sin a sin / cos H� koz sin H

�b cos a sin /þ b sin a cos /

b cos a cos / sin Hþ b sin a sin / sin Hþ koz cos H

2
64

3
75

~kkeG ¼
b cos a cos / cos Hþ b sin a sin / cos H� kez sin H

�b cos a sin /þ b sin a cos /

b cos a cos / sin Hþ b sin a sin / sin Hþ kez cos H

2
64

3
75

ð13Þ

Using the previous equations one can show that the following relations
can be described:

koz ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

c2
n2

o � b2

r
kez ¼

�B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4AC
p

2A
ð14Þ

FIGURE 2 The wavevectors in an external centre and given layer described
in system OS.

Color Liquid Crystal Display 393=[795]
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where

A ¼ n2
o sin2 Hþ n2

e cos2 H

B ¼ b sin 2H cos a� /ð Þ n2
e � n2

o

� 	
C ¼ b2 cos2 a� /ð Þ n2

o cos2 Hþ n2
e sin2 H

� 	
þ b2 sin2 /� að Þn2

o �
x2n2

e n2
o

c2

ð15Þ

The relations (14) and (15) give us the information about the wavevec-
tors, which can propagate through given layer for a given incident
wave simultaneously in two directions of propagation: into the layer
(þz) and back (�z). Therefore one can describe:

~kko þzð Þ ¼ b; 0;kozT½ � ~kke þzð Þ ¼ b; 0; kezT½ �
~kko �zð Þ ¼ b; 0;kozR½ � ~kke �zð Þ ¼ b; 0; kezR½ �

ð16Þ

where kozTðkezTÞ and kozRðkezRÞ denote the z-coordinate of wavevector
for propagation in (þz) direction–transmitted wave and (�z) direc-
tion–reflected wave.

Using the representation of these wavevectors in surface coordinate
system and transposition matrixes one can determine the unit vectors
of E
!

for the both directions of propagation as:

~oo þzð Þ ¼ oxT; oyT; ozT


 �
~ee þzð Þ ¼ exT; eyT ; ezT


 �
~oo�zð Þ ¼ oxR; oyR; ozR


 �
~ee�zð Þ ¼ exR; eyR; ezR


 � ð17Þ

Having the wavevectors and unit vectors of E
!

for all layers in the ana-
lysed layer system the transmission and reflection coefficients for all
boundaries can be calculated. In Figure 3 the schema of wavevectors
for given phase boundary drawn in surface coordinate system are
presented (~kkoi – incident ordinary wave, ~kkei – incident extraordinary
wave, ~kkoR – reflected ordinary wave, ~kkeR – reflected extraordinary
wave, ~kkoT – transmitted ordinary wave, ~kkeT – transmitted extraordi-
nary wave).

The presented in Figure 3 the wavevectors in a surface coordinate
system can be described as:

~kkoi ¼ b; 0; koiz½ �; ~kkei ¼ b; 0; keiz½ �
~kkoT ¼ b; 0; koTz½ �; ~kkeT ¼ b; 0; keTz½ �
~kkoR ¼ b; 0; koRz½ �; ~kkeR ¼ b; 0; keRz½ �

ð18Þ
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and the unit vectors of E
!

as:

~ooi ¼ oix; oiy; oiz


 �
; ~eei ¼ eix; eiy; eiz


 �
~ooT ¼ oTx; oTy; oTz


 �
; ~eeT ¼ eTx; eTy; eTz


 �
~ooR ¼ oRx; oRy; oRz


 �
; ~eeR ¼ eRx; eRy; eRz


 � ð19Þ

Using the other specification (17) we can describe:

. for propagation from 1 to 2 medium

~kkoi ¼ ~kk1o þzð Þ ~kkoT ¼ ~kk2o þzð Þ ~kkoR ¼ ~kk1o �zð Þ
~kkei ¼ ~kk1e þzð Þ ~kkeT ¼ ~kk2e þzð Þ ~kkeR ¼ ~kk1e �zð Þ
~ooi ¼ ~oo1 þzð Þ ~ooT ¼ ~oo2 þzð Þ ~ooR ¼ ~oo1 �zð Þ
~eei ¼ ~ee1 þzð Þ ~eeT ¼ ~ee2 þzð Þ ~eeR ¼ ~ee1 �zð Þ

ð20Þ

. for propagation from 2 to 1 medium

~kkoi ¼ ~kk2o �zð Þ ~kkoT ¼ ~kk1o �zð Þ ~kkoR ¼ ~kk2o þzð Þ
~kkei ¼ ~kk2e �zð Þ ~kkeT ¼ ~kk1e �zð Þ ~kkeR ¼ ~kk2e þzð Þ
~ooi ¼ ~oo2 �zð Þ ~ooT ¼ ~oo1 �zð Þ ~ooR ¼ ~oo2 þzð Þ
~eei ¼ ~ee2 �zð Þ ~eeT ¼ ~ee1 �zð Þ ~eeR ¼ ~ee2 þzð Þ

ð21Þ

FIGURE 3 The wavevectors on the phase boundary drawn in surface coordi-
nate system.
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Using these data one can obtain the information about the wave
propagation in (þz) and (�z) direction. The schema of these propa-
gation is presented in Figure 4.

The coefficients T(þz), T(�z), R(þz) and R(�z) denote the trans-
mission and reflection coefficients, respectively, for (þz) and (�z)
direction of a wave propagation and can be obtained from Max-
well equations described for incident, transmitted and reflected
waves:

E
!

i ¼ Io~ooie
i xt�~kkoi~rrð Þ þ Ie~eeie

i xt�~kkei~rrð Þ

E
!

R ¼ Ro~ooRei xt�~kkoR~rrð Þ þ Re~eeRei xt�~kkeR~rrð Þ

E
!

T ¼ To~ooTei xt�~kkoT~rrð Þ þ Te~eeTei xt�~kkeT~rrð Þ

ð22Þ

H
!

i ¼
1

xl0l
~kkoi � Io~ooie

i xt�~kkoi~rrð Þ
� �

þ ~kkei � Ie~eeie
i xt�~kkei~rrð Þ

� �h i

H
!

R ¼
1

xl0l
~kkoR � Ro~ooRei xt�~kkoR~rrð Þ

� �
þ ~kkeR � Re~eeRei xt�~kkeR~rrð Þ

� �h i

H
!

T ¼
1

xl0l
~kkoT � To~ooTei xt�~kkoT~rrð Þ

� �
þ ~kkeT � Te~eeTei xt�~kkeT~rrð Þ

� �h i
ð23Þ

where Io; Ie;To;Te;Ro and Re denote the amplitudes for incident, trans-
mitted and reflected waves (for ordinary and extraordinary ones,
respectively).

FIGURE 4 The schema of the results obtained for two data sets.
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For boundary the Eqs. (22) and (23) assume the forms:

1Þ Iooix þ Ieeix þRooRx þReeRx ¼ TooTx þ TeeRx

2Þ Iooiy þ Ieeiy þRooRy þReeRy ¼ TooTy þ TeeRy

3Þ Iokoizoiy þ Iekeizeiy þ RokoRzoRy þ RekeRzeRy

¼ TokoTzoTy þ TekeTzeTy

4Þ Io koizoix � boizð Þ þ Ie keizeix � beizð Þ þRo koRzoRx � boRzð Þ
þ Re keRzeRx � beRzð Þ
¼ To koTzoTx � boTzð Þ þ Te keTzeTx � beTzð Þ

8>>>>>>>>>>><
>>>>>>>>>>>:

ð24Þ

After an applying the following substitutions:

AT
o ¼ oixeRy � oiyeRx; CT

o ¼ oTxeRy � oTyeRx S1 ¼ koizoiy

BT
o ¼ eixeRy � eiyeRx; DT

o ¼ eTxeRy � eTyeRx S2 ¼ keizeiy

MT
o ¼ oRxeRy � oRyeRx S3 ¼ koRzoRy

S4 ¼ keRzeRy

S5 ¼ koTzoTy

S6 ¼ keTzeTy

AT
e ¼ oixoRy� oiyoRx; CT

e ¼ oTxoRy� oTyoRx Z1 ¼ koizoix�boiz

BT
e ¼ eixoRy� eiyoRx; DT

e ¼ eTxoRy� eTyoRx Z2 ¼ keizeix�beiz

MT
e ¼ eRxoRy� eRyoRx Z3 ¼ koRzoRx�boRz

Z4 ¼ keRzeRx�beRz

Z5 ¼ koTzoTx�boTz

Z6 ¼ keTzeTx�beTz

ð25Þ

and the next substitutions:

XST
o ¼ S1MT

o MT
e � S3AT

o MT
e � S4AT

e MT
o

XST
e ¼ S2MT

o MT
e � S3BT

o MT
e � S4BT

e MT
o

YST
o ¼ S5MT

o MT
e � S3CT

o MT
e � S4CT

e MT
o

YST
e ¼ S6MT

o MT
e � S3DT

o MT
e � S4DT

e MT
o

XZT
o ¼ Z1MT

o MT
e � Z3AT

o MT
e � Z4AT

e MT
o

XZT
e ¼ Z2MT

o MT
e � Z3BT

o MT
e � Z4BT

e MT
o

YZT
o ¼ Z5MT

o MT
e � Z3CT

o MT
e � Z4CT

e MT
o

YZT
e ¼ Z6MT

o MT
e � Z3DT

o MT
e � Z4DT

e MT
o

ð26Þ
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one can obtain:

To ¼
XST

o YZT
e � YST

e XZT
o

YZT
e YST

o � YST
e YZT

o

Io þ
XST

e YZT
e � YST

e XZT
e

YZT
e YST

o � YST
e YZT

o

Ie

Te ¼
XZT

o YST
o � YZT

o XST
o

YZT
e YST

o � YST
e YZT

o

Io þ
XZT

e YST
o � YZT

o XST
e

YZT
e YST

o � YST
e YZT

o

Ie

ð27Þ

what can be described in the other form as:

To ¼ tooIo þ teoIe Te ¼ toeIo þ teeIe ð28Þ
where

too ¼
XST

o YZT
e � YST

e XZT
o

YZT
e YST

o � YST
e YZT

o

teo ¼
XST

e YZT
e � YST

e XZT
e

YZT
e YST

o � YST
e YZT

o

toe ¼
XZT

o YST
o � YZT

o XST
o

YZT
e YST

o � YST
e YZT

o

tee ¼
XZT

e YST
o � YZT

o XST
e

YZT
e YST

o � YST
e YZT

o

ð29Þ

Assuming the light wave in the Jones complex vector I ¼ Io

Ie

� 

eixt,

where Io and Ie denote the complex amplitudes of electric field for
ordinary and extraordinary waves, respectively, the transmission
coefficient can be written in matrix form as:

T ¼ too teo

toe tee

� 

ð30Þ

In the similar method one can obtain the reflection coefficient:

R ¼ roo reo

roe ree

� 

ð31Þ

where

roo ¼
XSR

o YZR
e � YSR

e XZR
o

YZR
e YSR

o � YSR
e YZR

o

reo ¼
XSR

e YZR
e � YSR

e XZR
e

YZR
e YSR

o � YSR
e YZR

o

roe ¼
XZR

o YSR
o � YZR

o XSR
o

YZR
e YSR

o � YSR
e YZR

o

ree ¼
XZR

e YSR
o � YZR

o XSR
e

YZR
e YSR

o � YSR
e YZR

o

ð32Þ

and

XSR
o ¼ S1MR

o MR
e � S5AR

o MR
e � S6AR

e MR
o

XSR
e ¼ S2MR

o MR
e � S5BR

o MR
e � S6BR

e MR
o

YSR
o ¼ �S3MR

o MR
e þ S5CR

o MR
e þ S6CR

e MR
o

YSR
e ¼ �S4MR

o MR
e þ S5DR

o MR
e þ S6DR

e MR
o

AR
o ¼ oixeTy � oiyeTx; CR

o ¼ oRxeTy � oRyeTx

BR
o ¼ eixeTy � eiyeTx; DR

o ¼ eRxeTy � eRyeTx

MR
o ¼ oTxeTy � oTyeTx

398=[800] J. Zieliński and M. Olifierczuk

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
0:

07
 2

2 
A

ug
us

t 2
01

2 



XZR
o ¼ Z1MR

o MR
e � Z5AR

o MR
e � Z6AR

e MR
o

XZR
e ¼ Z2MR

o MR
e � Z5BR

o MR
e � Z6BR

e MR
o

YZR
o ¼ �Z3MR

o MR
e þ Z5CR

o MR
e þ Z6CR

e MR
o

YZR
e ¼ �Z4MR

o MR
e þ Z5DR

o MR
e þ Z6DR

e MR
o

ð33Þ

AR
e ¼ oixoTy � oiyoTx; CR

e ¼ oRxoTy � oRyoTx

BR
e ¼ eixoTy � eiyoTx; DR

e ¼ eRxoTy � eRyoTx

MR
e ¼ eTxoTy � eTyoTx

After these calculations the transmission and reflection coefficients for
the both direction of a wave propagation are obtained. In the further
analysis the following descriptions are applied:

Tðn;nþ1Þ � transmission for direction of a wave propagation ðþzÞ;
T0ðn;nþ1Þ � transmission for direction of a wave propagation ð�zÞ;
Rðn;nþ1Þ � reflection for direction of a wave propagation ðþzÞ;
R0ðn;nþ1Þ � reflection for direction of a wave propagation ð�zÞ:

The similar convention are applied to the wavevectors and unit vec-
tors of electric filed e.g., ~kk

0
o ¼ ~kko �zð Þ etc. (symbol prim will be applied

to the (�z) direction).
The transmission and reflection coefficients obtained above describe

the wavevectors lied in the way which is shown in Figure 3, but after
passing through the first boundary (point A), the waves generated in
layer no. (n) do not achieve the same point on the second boundary
(see Fig. 5), because an ordinary wave achieves point B, but extraordi-
nary one achieve the other point. The point B is achieved by an extra-
ordinary wave generated in point C.

Let a wave in point A in a layer (n�1) has a form E
!ðn�1Þ

A ¼ Io

Ie

� 

eixt.

In a layer no. (n) this wave has a form:

E
!ðnÞ

A ¼ Tðn�1;nÞ
Io

Ie

� 

eixt ¼ t

ðn�1;nÞ
oo Io þ t

ðn�1;nÞ
eo Ie

t
ðn�1;nÞ
oe Io þ t

ðn�1;nÞ
ee Ie

" #
eixt ð34Þ

The ordinary wave in layer (n) can be written as:

E
!ðnÞ

o ¼ tðn�1;nÞ
oo Io þ tðn�1;nÞ

eo Ie

� �
~ooðnÞ exp i xt� ~kkðnÞo �~rr

� �h i
ð35Þ

where in surface coordinate system ~kk
ðnÞ
o ¼ b; 0; kðnÞoz

h i
. The vector ~rr

describes the way from point A to point B and it have in the same
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coordinate system a form:~rr ¼ hðnÞtgHðnÞo ; 0;hðnÞ
h i

, where h(n)–thickness

of a layer (n). Therefore we have: ~kk
ðnÞ
o �~rr ¼ bhðnÞtgHðnÞo þ k

ðnÞ
oz hðnÞ.

Taking advantage of a relation b=kðnÞoz ¼ tgHðnÞo one can obtain
~kk
ðnÞ
o �~rr ¼

�
b2hðnÞ=k

ðnÞ
oz

	
þ k

ðnÞ
oz hðnÞ. As one can see the phase shift for

ordinary wave is equal dðnÞo ¼
�
b2hðnÞ=k

ðnÞ
oz

	
þ k

ðnÞ
oz hðnÞ.

In point B we can describe an ordinary wave in a form:

E
!ðnÞ

oB ¼ tðn�1;nÞ
oo Io þ tðn�1;nÞ

eo Ie

� �
~ooðnÞ exp i xt� dðnÞo

� �h i
ð36Þ

The extraordinary wave, which achieves a point B is generated by
ordinary and extraordinary waves achieved in layer (n�1) point C.
One can notice that the following relation is fulfilled:

AC ¼ hðnÞ tgHðnÞo � tgHðnÞe

� �
ð37Þ

where tgHðnÞo ¼ b=kðnÞoz and tgHðnÞ ¼ b=kðnÞez .
It can be shown, that if a wave in layer (n�1) achieving point A is

given by (34), then point C is achieved by a wave:

E
!ðn�1Þ

C ¼ Io

Ie

� 

e�idp ð38Þ

where dp ¼ b2hðnÞ ð1=kðnÞoz Þ � ð1=kðnÞez Þ
� �

.

FIGURE 5 The schema of a wave propagation through an anisotropic layer.

400=[802] J. Zieliński and M. Olifierczuk

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
0:

07
 2

2 
A

ug
us

t 2
01

2 



In the (n) layer the following wave is generated:

E
!ðnÞ

C ¼ Tðn�1;nÞ
Io

Ie

� 

e�idp ¼ t

ðn�1;nÞ
oo Io þ t

ðn�1;nÞ
eo Ie

t
ðn�1;nÞ
oe Io þ t

ðn�1;nÞ
ee Ie

" #
e�idp ð39Þ

After the passing of an extraordinary wave from point C to point B, we
have an extraordinary wave in a layer (n) (in point B) as:

E
!ðnÞ

eB ¼ tðn�1;nÞ
oe Io þ tðn�1;nÞ

ee Ie

� �
~ee ðnÞ exp i xt� dðnÞe

� �h i
ð40Þ

where dðnÞe ¼ b2hðnÞ=k
ðnÞ
oz

� �
þ hðnÞk

ðnÞ
ez .

The final wave achieving point B in a layer (n) can be written as:

E
!ðnÞ

B ¼ DðnÞTðn�1;nÞE
!ðn�1Þ

A ð41Þ

where

DðnÞ ¼
expð�idðnÞo Þ 0

0 expð�idðnÞe Þ

" #
ð42Þ

Analyzing the next reflections one can show, that the phase shifts
obtained for the consecutive beams is equal:

dd ¼ b2hðnÞ
1

k
ðnÞ
oz

� 1

k
0ðnÞ
oz

 !
ð43Þ

The same analysis can be done for direction (�z) and for reflection. The
results and conclusions are very similar.

As one can see the phase shifts caused by x-coordinates of wavevec-
tors are identically. For this reason it can be omitted and for (þz) and
(�z) directions one can write:

dðnÞo ¼ hðnÞkðnÞoz d0ðnÞo ¼ �hðnÞk0ðnÞoz

dðnÞe ¼ hðnÞkðnÞez d0ðnÞe ¼ �hðnÞk0ðnÞez

ð44Þ

Having the transmission and reflection coefficients for all boundaries
into the layer system for the both direction of a wave propagation the
optical coefficients for the layers can be determined.

For a layer (n) these coefficients are denoted by TðnÞ, T0ðnÞ, RðnÞ and
R0ðnÞ, and mean:

. TðnÞ – transmission coefficient for a layer (n) and direction of a wave
propagation (þz);

. T0ðnÞ – transmission coefficient for a layer (n) and direction of a wave
propagation (�z);
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. RðnÞ – reflection coefficient for a layer (n) and direction of a wave
propagation (þz);

. R0ðnÞ – reflection coefficient for a layer (n) and direction of a wave
propagation (�z).

These coefficients describe the wave propagation from interior to
exterior of a layer (Fig. 6).
. transmission coefficient for direction of a wave propagation (þz) If a

wave in layer (n), next to boundary with a layer (nþ 1) is given as E
!

,
then a wave entering into medium (nþ 1) can be written as:

E
!

T ¼
X1
m¼1

E
!

M ð45Þ

where m denotes the number of waves taking into account in the
interference process and:

E
!

m ¼ Tðn;nþ1ÞD
m�1
1ðnÞ DðnÞE

!
ð46Þ

where D1ðnÞ ¼ DðnÞR0ðn�1;nÞD
0
ðnÞRðn;nþ1Þ.

Finally, this transmission coefficient for a layer (n) is given by the
matrix:

TðnÞ ¼
X1
m¼1

Tðn;nþ1ÞD
m�1
1ðnÞ DðnÞ

h i
¼ T

ðnÞ
oo T

ðnÞ
eo

T
ðnÞ
oe T

ðnÞ
ee

" #
ð47Þ

FIGURE 6 The schema of determining of transmission and reflection coeffi-
cients for single layer.
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The other coefficients one can found, that:

. transmission for direction of a wave propagation (�z)

T0ðnÞ ¼
X1
m¼1

T0ðn�1;nÞD
m�1
2ðnÞ D

0
ðnÞ

h i
¼ T

0ðnÞ
oo T

0ðnÞ
eo

T
0ðnÞ
oe T

0ðnÞ
ee

" #
ð48Þ

where D2ðnÞ ¼ D0ðnÞRðn;nþ1ÞDðnÞR0ðn�1;nÞ.
. reflection for direction of a wave propagation (þz)

RðnÞ ¼
X1
m¼2

T0ðn�1;nÞD
m�2
2ðnÞ D

0
ðnÞRðn;nþ1ÞDðnÞ

h i
¼ R

ðnÞ
oo R

ðnÞ
eo

R
ðnÞ
oe R

ðnÞ
ee

" #
ð49Þ

. reflection for direction of a wave propagation (�z)

R0ðnÞ ¼
X1
m¼2

Tðn;nþ1ÞD
m�2
1ðnÞ DðnÞR

0
ðn�1;nÞD

0
ðnÞ

h i
¼ R

0ðnÞ
oo R

0ðnÞ
eo

R
0ðnÞ
oe R

0ðnÞ
ee

" #
ð50Þ

The coefficients presented above determined for all layers make it
possible to obtain the similar coefficients for all layer system.

Let’s improve TðNÞ;T
0
ðNÞ;RðNÞ and R0ðNÞ coefficients which denote the

transmission and reflection indices for a layer system (from layer (1)
to layer (n)) describing the way of a light from interior to exterior

FIGURE 7 The schema presenting the way to determine the optical
parameters of a layer system.
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of a system. The coefficients TðNþ1Þ;T
0
ðNþ1Þ;RðNþ1Þ and R0ðNþ1Þ (Fig. 7),

which characterize the layer system from layer (1) to layer (nþ 1)
can be described as:

. transmission for direction of a wave propagation (þz)

TðNþ1Þ ¼
X1
m¼1

Tðnþ1Þ R0ðNÞRðnþ1Þ

� �m�1
TðNÞ

� 

¼ T

ðNþ1Þ
oo T

ðNþ1Þ
eo

T
ðNþ1Þ
oe T

ðNþ1Þ
ee

" #
ð51Þ

. transmission for direction of a wave propagation (�z)

T0ðNþ1Þ ¼
X1
m¼1

T0ðNÞ Rðnþ1ÞR
0
ðNÞ

� �m�1
T0ðnþ1Þ

� 

¼ T

0ðNþ1Þ
oo T

0ðNþ1Þ
eo

T
0ðNþ1Þ
oe T

0ðNþ1Þ
ee

" #

ð52Þ
reflection for direction of a wave propagation (þz)

RðNþ1Þ ¼ RðNÞ þ
X1
m¼2

T0ðNÞ Rðnþ1ÞR
0
ðNÞ

� �m�2
Rðnþ1ÞTðNÞ

� 


¼ R
ðNþ1Þ
oo R

ðNþ1Þ
eo

R
ðNþ1Þ
oe R

ðNþ1Þ
ee

" #
ð53Þ

. reflection for direction of a wave propagation (�z)

R0ðNþ1Þ ¼ R0ðnþ1Þ þ
X1
m¼2

Tðnþ1Þ R0NRðnþ1Þ
� 	m�2

R0ðNÞT
0
ðnþ1Þ

h i

¼ R
0ðNþ1Þ
oo R

0ðNþ1Þ
eo

R
0ðNþ1Þ
oe R

0ðNþ1Þ
ee

" #
ð54Þ

In this way the all needed coefficients describing the optical properties
of all layer system can be obtained.

3. FINAL CONCLUSIONS

The theory presented above makes us possible to work out the
computer program called CSOP (Computer Support of Optimization
Process). This program can be use to do very fast optimization
processes for color liquid crystal display. Additionally, it can be used
as a support to determine the optical parameters of any layer needed
to construct the display with given optical parameters. The verifi-
cation procedure comparing the experimental and calculated results
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for standard TN display were carried out, and the obtained results
showed that the difference between these results are not higher than
2� 3%. It confirm, that this model is very good approximation of real
circumstances.

This program can be used to study of a color displays which charac-
terization is particularly difficult using other method.
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